The Kibble-Zurek mechanism (KZM) is generalized to a class of multi-level systems and applied to study the quenching dynamics of one-dimensional (1D) topological superconductors (TS) with open ends. Unlike the periodic boundary condition, the open boundary condition, that is crucial for the zero-mode Majorana states localized at the boundaries, requires to consider many coupled levels. Our generalized KZM predictions agree well with the numerically exact results for the 1D TS.
late the dynamics using the dynamical transition matrix and develop the so-called conserving and non-conserving KZM. Both are equivalent to the KZM for two-level systems. Our generalized KZM predictions, taking into account the Majorana states formed at its ends, agree well with the numerically exact results for the 1D TS. Our new approach may provide an insight of the surprisingly good agreement between the KZM and the exact dynamics in two-level systems, and shed light on possible extensions of the method to even more general classes of systems.
The dynamics of topological states has previously been investigated in a few different ways. Ref. [6] considered quenching within the topological phase. The two-level KZM, ignoring the boundary conditions, was applied to a spin-ladder system [5] . The quenching dynamics and the formation of Majorana states is studied in a numerical way [4] . dynamics of a 1D TS upon moving interfaces.
Model. A 1D TS of length L is described by the tightbinding Hamiltonian of spinless fermions [17] H(t) = w 2
(1) Here, for simplicity, we take the Ising limit in which the p-wave superconducting order parameter ∆ is equal to the hopping amplitude w. In the quenching process, the chemical potential µ(t) = min(wt/τ Q , µ f ) is ramped up from µ(t = 0) = 0 through the transition point µ(t = τ Q ) = w to µ(t = τ ramp ) = µ f and then kept constant. The quenching time τ Q sets the quenching rate and τ ramp = τ Q µ f /w is the ramping period. The process drives the system from the topological (|µ| < w) to trivial (|µ| > w) phase.
In the continuum limit, Eq. (1) is reduced to the Dirac Hamiltonian
with
where τ x , τ y , τ z are the Pauli matrices in the particle-hole space, M ∝ µ − w and v s ∝ ∆. Hereafter we use the unit system such that = v s = 1. The position-dependent "mass" 
(a) The quasi-particle energy levels (collecting only evenparity modes) and (b) relaxation time scales in a 1D TS of length L and "mass" M (t)L = t/τQ, where τQ is the quenching time. The AI crossover points tn and t n (n = 1, 2, · · · ) are indicated by thin vertical lines in panel (b).
M (x, t) accounts for the spatially inhomogeneous regions of the TS. We are particularly interested in the case [18, 19] M
When M (t) < 0, there exist two zero-energy Majorana Fermions localized at x = ±L/2 [3] . We consider the quenching process of the form M (t)L = t/τ Q . Below, for simplicity we mostly discuss the dynamics in terms of the continuum model; qualitative features are the same. We start with the single-particle Dirac equation
It has two important symmetries, the space inversion and the particle-hole symmetry. The inversion symmetry allows us to choose solution to be parity eigenstate and subject to the boundary conditions
where the sign ± corresponds to the even/odd parity under the space inversion. Because of the particle-hole symmetry, if Φ n (x, t) is a solution of the Dirac equation with energy E n (t), then its charge conjugation partner τ x Φ * n (x, t) is also a solution but with energy −E n (t). Further, if Φ n (x, t) has a definite (even or odd) parity, then τ x Φ * n (x, t) has the opposite parity. Hence it suffices to count only, say, even-parity solutions. Hereafter we reserve the notation Φ n (x, t) for the even-parity modes,
with k n (t) satisfying tan(k n L) = −k n /M . Odd-party modes are referred to by τ x Φ * n (x, t). The mode Φ n (x, t) has energy E n (t) = (−1) n−1 M 2 (t) + k 2 n (t), whose time variation is illustrated in Fig. 1(a) . Of particular importance is the zeromode, Φ 0 (x, t), whose energy E 0 (t) ≈ M (t)/ cosh(M (t)) is exponentially small for M (t) < −1/L and physically responsible for the Majorana modes localized at the interfaces (k 0 is purely imaginary).
We denote the quasi-particle operator for the mode Φ n (x, t) and τ x Φ * n (x, t) byâ n (t) andb n (t), respectively. Obviously, a † n (t) = b n (t). In terms of these the many-body Dirac Hamiltonian (2) 
The actual dynamics is governed by the Heisenberg operators a n (t), related to the instantaneous eigenoperatorsâ n (t) bỹ a n (t) =V † (t)â n (t)V (t) whereV (t) is the many-body time-
dsĤ(s) . They satisfy the Heisenberg equation of motion
with U (t, t ) = T exp −i t t ds K(s) . The many-body dynamics in Eq. (8) is intimately related to the single-particle dynamics: When a wave function |Φ(t) is expanded into
the amplitudes β n (t) satisfy the effective Schrödinger equation
or, equivalently,
The effective Hamiltonian K(t) in (8) and (11) includes offdiagonal elements Ω mn (t) with the common phase fixing choice Ω nn (t) = 0. Mathematically, the matrix Ω(t) gives the dynamical connection between the instantaneous eigenstates at different times,
ds Ω(s) . Physically, Ω mn (t) is responsible for the dynamical transitions between different instantaneous energy levels E m (t) and E n (t).
The energy levels E n (t) and the dynamical transitions Ω mn (t) between them in 1D TS [see Fig. 1(a) ] have peculiar properties: The level spacings satisfy
and the direct transition is allowed only for nearest-neighbor pairs of levels
These two properties are crucial in our generalization of the KZM below.
In passing, the property (14) casts a sharp contrast between the OBC and PBC [13] . Under the PBC, momentum is conserved and transitions occur only between modes with opposite momenta k and −k: Ω kk = 0 unless k + k = 0. Therefore, the dynamical model is essentially a two-level system [13, 16] and the KZM for two-level systems is enough. Of course, in the thermodynamic limit, the boundary condition does not make difference in bulk states. However, the Majorana states at the boundaries do not have a counterpart under the PBC and cause the inherently multi-level dynamics. On the other hand, the transition Ω n,n±1 between nearestneighbor levels, i.e., between negative-and positive-energy modes (E n E n±1 < 0), has another physical significance: It corresponds to creating (or annihilating) a pair of quasiparticlesâ n andb n±1 : | ↔â † nb † n±1 | . This has an analogy to pair excitations of quasi-particles γ k and γ −k under the PBC: | ↔γ † kγ † −k | . The difference is that under the OBC the transitions Ω 01 , Ω 12 , · · · form a chain of coupled levels while Ω k,−k is isolated from modes with different momenta under the PBC.
Generalized Kibble-Zurek Mechanism. Let us first consider a single-particle dynamics by taking into account N + 1 levels (N = ∞ for the continuum model). We suppose that the system was initially in the n = 0 instantaneous eigenstate, say, |Φ(t = −∞) = |Φ 0 (−∞) and examine the final state |Φ(∞) in the far future. Within the spirit of the KZM [11, 12, 15] , we determine adiabatic-impulse (AI) crossover points t n and t n by comparing the relaxation time scale, τ n (t) = 1/|E n (t) − E n−1 (t)|, and the time scale for the relative coupling to develop, M (t)/Ṁ (t) = t: τ n (t n ) = −αt n , τ n (t n ) = +αt n (1 ≤ n ≤ N ), (15) where α = O(1) is a fitting parameter [20] . Due to the levelspacing structure in Eq. (13), the crossover points are arranged in the order t 1 < · · · < t N < t N < · · · < t 1 [see Fig. 1(b) ]. Here note that the crossover points are not symmetric about the critical point (t n = −t n ) [12] . The asymmetry is attributed to the localized Majorana modes, which exist only for M (t) < −1/L.
The initial evolution from t = −∞ to t = t 1 is completely adiabatic and thus |Φ(t 1 ) = |Φ 0 (t 1 ) . From this moment to t = t 2 , the two levels E 0 (t) and E 1 (t) become impulsive but the rest, far away from the two, still remain unpopulated. In the two-level case, the AI approximation assumes that the state remains completely intact: |Φ(t 2 ) = |Φ(t 1 ) . A vital difference in the multi-level case is that it violates the probability conservation because even the vectors |Φ n (t) (n ≥ 2) for the relatively adiabatic levels have finite overlaps with |Φ 0 (t ) and |Φ 1 (t ) at previous time t < t.
Therefore, we instead take E 0 (t) ≈ E 1 (t) and ignore Ω 0n (t) and Ω 1n (t) for n ≥ 2 in Eq. (11) . It amounts to taking β m (t 2 ) ≈ n U 
Note that for the two-level case (N = 1) this is equivalent to the original AI approximation [11, 12] . The same procedure is repeated until t N to get (recall β n (−∞) = δ n0 )
After the moment t = t N , the level E N (t) becomes relatively adiabatic again, i.e., its occupation probability does not change from |β N (t N )| 2 . The rest evolve impulsively until t = t N −1 , when the level E N −1 (t) becomes relatively adiabatic. Repeating this approximation until t = t 1 , after which the whole evolution becomes adiabatic, one finally obtains the AI approximation for the amplitudes
. (18) Similarly, given another initial condition |Φ(−∞) = |Φ n (−∞ with n > 0 one gets the amplitudes
and the occupation probabilities P m←n = |β m (∞)| 2 . For m = 0 (or n = 0), the matrix product in Eq. (19) is the same as the one for m = 1 (or n = 1) but its 0n-element (or m0-element) should be taken. Equation (19) is called the conserving KZM for the multi-level system as it conserves the probability, m P m←n (∞) = 1. It generalizes the KZM for two-level systems, and the calculation involves simple procedures requiring only instantaneous eigenvector. Figure 2 demonstrates the good agreement between the conserving KZM and the exact dynamics for N = 7.
Although the expression (19) requires only instantaneous eigenvectors at discrete times, one still needs to calculate the time-ordered exponentials of the matrix Ω(t). As we will see now, in many cases it can be avoided. For a large system, the AI crossover points are closely packed and each factor in (19) can be approximated by
up to O(η 2 ). When Eq. (20) is substituted into Eq. (19), due to Eq. (14), only the subpart δ ij + iηΩ ij (t) (i, j ≤ r) of each matrix U (r) (t+η, t) contribute to the product; hence U (r) (t+ η, t) in Eq. (19) can be replaced safely with 1 + iηΩ(t) ≈ W (t + η, t) up to O(η 2 ). Then the probability reduces to
where m, n > 0. This approximation, which we call the nonconserving KZM for the multi-level system, drastically simplifies the calculation of P m←n which demands only the overlap integrals of instantaneous eigenvectors at different times. The caveat is that it violates the probability conservation (hence the name "non-conserving"), m P m←n (t) < 1, as it involves eigenstates |Φ m (t m ) at different times for different levels. The result (21) implies that given the initial state |Φ n (−∞) the system essentially remains impulse from t n to t m . Indeed, the non-conserving KZM is equivalent to assuming that the part associated with the relatively impulse levels remains completely intact (see the discussion above Eq. (16)). However, the derivation of the non-conserving KZM via the conserving KZM opens a way to further generalizations of the KZM for systems with more complicated level and coupling structure. What is more, in practice, the violation does not affect much the accuracy the non-conserving KZM as demonstrated in Fig. 2 . Interestingly, the amount of violation, δ = 1 − m P m←n (∞), gives a convenient estimate of the error.
Quasi-particle excitations. Let us now consider the dynamics of the many-body Hamiltonian. Initially (t = −∞) all negative-energy modes, Φ 2j (x, −∞) and τ x Φ * 2j+1 (x, −∞), are occupied: where the quasi-particle vacuum state | is physically the superconducting ground state for a certain chemical potential. We ask about the number of excited quasi-particles in the far future (t = ∞). Due to the initial condition (22) and the identityã(−∞) =â(−∞), the occupancy of positiveenergy modes, τ x Φ * 2j (x, ∞) and Φ 2j+1 (x, ∞), are given by
Above we have already demonstrated with the (singleparticle) continuum model that the generalized (either conserving or non-conserving) KZM provides a simple and efficient method to calculate P m←n in each term. We now take the lattice model and compare the generalized KZM predictions with the numerical results. Note that for the lattice model µ is confined to µ ≥ 0 and hence t ≥ 0. Therefore, depending on τ Q , some low-lying quasi-particle states may lie in the impulse regime from the beginning. Figure 3 shows the non-conserving KZM predictions and the numerical exact calculations for the occupation probabilities N n for a few excited low-lying quasi-particle states and the total number of excited quasi-particles. For faster quenching (smaller τ Q ), two results are in quite a good agreement. For slower quenching (larger τ Q ), however, the discrepancy between them becomes relatively larger. This coincides with the previous observation in the two-level case that the KZM is better for faster quenching [12] . Nonetheless, the qualitative feature is well preserved in the non-conserving KZM. For example, the crossing between N n for a pair of neighboring n with increasing τ Q is reproduced by the non-conserving KZM [see Fig. 3(a) ], and furthermore the crossing point is in a good agreement with the exact result. Our good agreement is in contrast [see the inset of Fig. 3 ] with the discrepancy of the known PBC-based KZM predictions [13, 15] , which gets even worse for shorter chains: the scaling τ −1/2 Q does not fit well into the exact data. We claim that it is because the KZM under the PBC ignores the zero-energy Majorana modes, while our KZM takes them into account more accurately. In conclusion, our generalized KZM is good at studying the realistic topological system.
